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Abstract. We investigate herein the existence of spectral singularities (SSs)
in composite systems that consist of two separate scattering centers A and B
embedded in one-dimensional free space, with at least one scattering center being
non-Hermitian. We show that such composite systems have an SS at kc if the
reflection amplitudes rA (kc) and rB (kc) of the two scattering centers satisfy the
condition rAR (kc) r
B
L (kc) e
i2kc(xB−xA) = 1. We also extend the condition to the
system with multi-scattering centers. As an application, we construct a simple
system to simulate a resonant lasing cavity.
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1. Introduction
Non-Hermitian Hamiltonians have long been used to describe open quantum systems
in fields ranging from condensed-matter physics to nuclear physics and in particular,
quantum optics [1–3]. Since the pioneering work of Bender and Boettcher [4], which
opened a new branch of quantum mechanics, a series of non-Hermitian Hamiltonians
has been proposed combining parity (P) and time-reversal symmetry (T ) and real
spectra. This discovery opened a new branch of quantum mechanics. Among the
many interesting peculiarities of the non-Hermitian Hamiltonians, that have received
significant attention is the presence of exceptional points and spectral singularities
(SSs) in their spectra, that prevent the system from being diagonalised [5–9].
Exceptional points refer to the coalescence of two or more eigenstates together with
their eigenvalues when the spectrum is discrete. Their physical relevance has been
investigated in several contexts [10–19], and the corresponding physical realizations
have been experimentally demonstrated. SSs have a nature similar to that of
exceptional points, but within the continuous spectrum of a non-Hermitian operator.
Furthermore, SSs appear as zeros of the Wronskian of Jost solutions and as divergences
of the resolvant operator. In 2009, Mostafazadeh showed that SSs in non-periodic
complex potentials correspond to resonances with vanishing spectral width [5]. This
stimulated numerous investigations into the physical meaning and relevance of SSs
in the framework of wave scattering, in which SSs exhibit fascinating phenomena
such as lasing or antilasing in optics [8, 20–29], particle-pair annihilation in many
body systems [30], and flux-induced asymmetric transmission and transmission phase
lapse [31, 32]. Therefore, a theoretical search for systems with SSs is imperative.
With this motivation, we investigate herein the existence of an SS in a composite
system consisting of two separate scattering centers. The existence of an SS requires
the reflection amplitudes rA (kc) and r
B (kc) of the two scattering centers to satisfy the
condition rAR (kc) r
B
L (kc) e
i2kc(xB−xA) = 1, which provides a simple way of constructing
such the systems with SS at any energy in demand. These systems can also be used
to simulate a resonant lasing cavity. On the other hand, based on the theorem
proposed by Mostafazadeh [5], we can also extend the results to the systems with
multi-scattering centers, which can pave the way to the experimental demonstration
of diverse systems with SSs.
This paper is organized as follow. In Sec. 2, we present a condition about the
existence of the SSs in composite systems, and then apply it to the continuous and
discrete systems. Sec. 3 is devoted to simulating the lasing process through the
dynamics of a half-infinite non-Hermitian continuous system at an SS. Finally, we
give a summary in Sec. 4.
2. Gain scattering center and SS
2.1. the condition for the composite non-Hermitian system with SS
We consider a composite scattering center (CSC), which consists of two separate
scattering centers A and B, located at xa and xb, respectively. A CSC can be
characterized by a transfer matrix M (k), which can be obtained from the product
of the transfer matricesMA (k) andMB (k) of the individual scattering centers A and
B. For a single center A or B, located at the origin, the corresponding Jost solutions
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defined in terms of their asymptotic behavior are
ψρR (x) =
{
e−ikx + rρR (k) e
ikx, (x→∞)
tρR (k) e
−ikx, (x→ −∞) , (1)
and
ψρL (x) =
{
eikx + rρL (k) e
−ikx, (x→ −∞)
tρL (k) e
ikx, (x→∞) , (2)
where rρσ (k), t
ρ
σ (k) (ρ = A,B and σ = L,R) are the reflection and transmission
amplitudes. This results in
Mρ (k) =
(
tρL − rρRrρL/tρR e−2ikxρrρR/tρR
−e2ikxρrρL/tρR 1/tρR
)
, (3)
which relates to the initial state and the final state of a physical system undergoing a
scattering process, and
M (k) =MB (k)MA (k) . (4)
A quantity of interest are the entries of the above matrix, especially in the form of
M22 (k), which can be expressed as
M22 (k) =
[
1− ei2k(xB−xA)rARrBL
]
/
(
tARt
B
R
)
. (5)
According to the theorems proposed in Ref. [5], the zeros of M22 (k) at kc, i.e,
rAR (kc) r
B
L (kc) e
i2kc(xB−xA) = 1, (6)
admits an SS for the CSC. The essential condition is
∣∣rAR (kc) rBL (kc)∣∣ = 1 because it is
always possible to adjust xB−xA to satisfy the original CSC in Eq. (6). Furthermore,
the condition of
∣∣rAR (kc)∣∣ ∣∣rBL (kc)∣∣ = 1 indicates that either scattering center A or B is
non-Hermitian because
∣∣rAR (kc)∣∣ > 1 or ∣∣rBL (kc)∣∣ > 1 with |tρσ (k)| 6= 0. These results
imply two significant points: (i) For given left- or right-going scattering solutions of
the gain system, one can relate it to a composite system with an SS via the matching
condition (6). (ii) One can construct a system with SSs at any desired energy by
modulating the parameters of the scattering centers involved. For the sake of clarity,
we illustrate this condition in Fig. 1 through two simple composite systems. Note
that the system shown in Fig. 1(c), which consists of an infinite ending potential and
scattering center Λ (x), will be employed to simulate the lasing process in the Sec. 3.
2.2. illustrative examples
In this subsection, we apply the condition to continuous and discrete systems to
construct a composite non-Hermitian system with an SS.
2.2.1. SS of multi delta potentials Consider a non-Hermitian continuous system with
double imaginary delta potentials. The Hamiltonian of which has the form
H [2] = − ∂
2
2∂x2
+ i
2∑
l=1
Vlδ (x− xl) . (7)
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Figure 1. (Color online) Schematic illustration of the condition proposed in the
Sec. 2.1. (a) Left-incident solution for a scattering center Λ (x). (b) Composite
scattering system consisting of scattering center Λ (x) and its complementary
scattering center Λ (−x) seperated by distance a. The left incident and reflection
plane waves of Λ (x) are the right reflection and incident plane waves of Λ (−x),
respectively, which satisfy the Eq. (6). The corresponding SS of the system
can be identified by the form of the solution far from the scattering center,
which represents either a reflectionless absorption (antilasing) or a self-sustaining
emission (lasing). Note that, for any given left-incident solution of a non-
Hermitian scattering center Λ (x), one can choose Λ (−x) to satisfy the Eq. (6)
to realize a composite system with an SS. (c) Illustrative example composed of
an infinite ending potential and a scattering center Λ (x). The scattering center
Λ (x) can be deemed as a complementary scattering center of the infinite ending
potential with rAR (kc) e
i2kca = rBL (kc) = −1.
If the delta potential is at the origin, then the reflection amplitudes are
rlR (k) = r
l
L (k) = Vl/ (k − Vl) , (8)
which can be shown in the Ref. [37]. Based on the matching condition (6), we find
that this composite system has an SS at kc if
kc = V1 + V2, kc (x2 − x1) = mpi, (9)
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Figure 2. (Color online) Schematic of the solution at an SS with Hamiltonian
(12) for the case of (a) n = 1, (b) n = 2, (c) n = 3, (d) n =∞, respectively.
where m = 0, 1, 2, .... Meanwhile, the two corresponding degenerate solutions coalesce
and can be expressed as
ψ1 (kc, x) = ψ
2 (kc, x) (10)
=


e−i(V1+V2)x, (x < x1)
cos (V1 + V2)x+ i
V1−V2
V1+V2× sin (V1 + V2)x, (x1 6 x < x2)
ei(V1+V2)x, (x > x2)
.
We note that for m = 0, the result goes back to the single delta-potential case.
On the other hand, we can construct a set of eigenfunctions of
(
H [2]
)†
in terms of
their asymptotic behaviour. They are given by
ψ
1
(kc, x) = ψ
2
(kc, x) (11)
=


ei(V1+V2)x, (x < x1)
cos (V1 + V2)x− iV1−V2V1+V2× sin (V1 + V2)x, (x1 6 x < x2)
e−i(V1+V2)x, (x > x2)
.
This implies that the existence of an SS prevents the diagonalization of H [2]. It is
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worthy pointing that the contribution of the SS to the resolution of identity operator
depends on the class of functions employed for physical states and that there is no
obstruction to completeness originating from a spectral singularity [6]. Furthermore,
we can also extend our analysis to the n-delta potential case
H [n] = − ∂
2
2∂x2
+ i
n∑
l=1
Vlδ (x− xl) , (12)
and the corresponding transfer matrix of the imaginary delta potential iVlδ (x− xl)
can be written as
Ml (k) =
(
1 + Vl
k
e−2ikxl Vl
k
−e2ikxl Vl
k
1− Vl
k
)
. (13)
On the other hand, the multipotentials can be considered as a CSC with the transfer
matrix
M (k) =
n∏
l=1
Mn+1−l (k) . (14)
Taking kc (xl+1 − xl) = mpi (m is an integer), M (kc) reduces to
M (kc) = 1 +
(σz + iσy)
kc
n∑
j=1
Vj , (15)
where σz and σy are Pauli matrices. Obviously, the condition of kc =
∑n
j=1 Vj yields
M22 (kc) = 0, (16)
which corresponds to an SS of the system at kc. We schematically illustrate the
solution at the SS for the Hamiltonian (12) in Fig. 2, in which the delta potentials
have equal strength. Note that the solution between two adjacent delta potentials
satisfies condition Eq. (6), which admits an SS in the composite system. And the
corresponding kc is proportional to the sum of the strengths V0 of each delta potential
(i.e., nV0).
2.2.2. SS of a non-Hermitian discrete system possessing a non-Hermitian and a
Hermitian scattering centers Our findings are not restricted to continuous systems
but would hold for the discrete systems, in which one can construct a composite system
with an SS via the method outlined in Sec. 2.2.1. Because the components of the CSC
can be Hermitian or non-Hermitian, we can construct such a discrete composite system
by matching the gain to the Hermitian scattering center. Towards this end, we start
by considering Hamiltonian of a scattering tight-binding network with a CSC
Hd = H0 +
2∑
l=1
H l (jl) (17)
where
H0 = − κ
∞∑
j=−∞
(|j〉 〈j + 1|+H.c.) , (18)
H l (jl) = Vl |jl〉 〈jl| , (19)
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Figure 3. (Color online) Schematic depiction of the considered discrete composite
non-Hermitian system. (a) Scattering system with a single potential at the
origin. The scattering solution for this can be used to construct a composite
non-Hermitian scattering system with an SS. (b) Composite system at the SS.
Note that, according to Eq. (29), the strength of the potentials can be adjusted
to prepare a composite system with an SS at any kc ∈ (0, pi) in demand.
represent a free tight-binding chain and the on-site potential in the single-particle
invariant space, respectively. We sketch this Hamiltonian in Fig. 3. Experimentally,
this Hamiltonian can be realized in coupled optical waveguides through guiding and
a inclusion of balanced gain and loss region [33–36]. To obtain the SS of the whole
system, we first investigate the solution of the system consisting of H0 and H
l (0), i.e.,
H ld = H0 +H
l (0) , (20)
the right- and left-going solution of the H ld can be obtained by using the Bethe ansatz
method, which is shown in Fig. 3(b). The corresponding wave functions have the
form
ψd,lR (j) =
{
e−ikj + rd,lR (k) e
ikj , (j > 0)
td,lR (k) e
−ikj , (j < 0)
, (21)
ψd,lL (j) =
{
eikj + rd,lL (k) e
−ikj , (j < 0)
td,lL (k) e
−ikj , (j > 0)
. (22)
Here rd,lσ (k), t
d,l
σ (k) (l = 1, 2 and σ = L,R) are the reflection and transmission
amplitudes of the incident wave with energy E = −2κ cosk, k ∈ [0, pi]. By substituting
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Figure 4. (Color online) Schematic of the half-infinite non-Hermitian
Hamiltonian (30). The red line denotes the initial state prepared in the cavity
with wave vector kc = 2γ and kca =
(
n+ 1
2
)
pi, in which n determines the number
of nodes of the initial standing wave.
the wave function ψd,lσ (j) into the Schro¨dinger equation,
−κψd,lσ (j − 1)− κψd,lσ (j + 1) = Eψd,lσ (j + 1) , j /∈ (0) , (23)
−κψd,lσ (−1)− κψd,lσ (1) = (E − Vρ)ψd,lσ (0) , (24)
we obtain
rd,lL (k) = r
d,l
R (k) =
−iVl
2κ sink + iVl
, (25)
td,lL (k) = t
d,l
R (k) =
2κ sink
2κ sink + iVl
. (26)
For the sake of simplicity, we take V1 = iγ, V2 = V to characterize the non-Hermitian
and Hermitian scattering centers of the CSC, respectively. The corresponding eigen
wave functions reduce to
ψd,1R (j) =
{
e−ikj + γ2κ sin k−γ e
ikj , (j > 0)
2κ sin k
2κ sin k−γ e
−ikj , (j < 0)
, (27)
ψd,2L (j) =
{
eikj + −iV2κ sin k+iV e
−ikj , (j < 0)
2κ sin k
2κ sin k+iV e
−ikj , (j > 0)
. (28)
When sin k < γ/κ (|γ/κ| 6 1), the scattering center H1 (0) can be deemed as a
gain scattering center with
∣∣rd,1σ (k)∣∣ > 1 and ∣∣td,1σ (k)∣∣ 6= 0. Based on the matching
condition (6), we find that this composite system has an SS at kc, which is determined
by
γ =
2κ sinkc
1− cos 2kca , V = −
2κ sinkc
tan 2kca
, (29)
where a = j2− j1 is an integer and denotes the distance between the on site potentials
H1 (j1) and H
2 (j2). This indicates that for a given scattering solution ψ
d,1
R (j) of H
1
d ,
there can exist a suitable Hermitian potential V to form a composite non-Hermitian
system at the SS, which shares the same solution in the region of j > j2. This result
also shows, in the context of lattice model, the SS can be prepared at energy in
demand.
3. Simulation of a resonant cavity
3.1. Solution
SSs correspond to scattering states that behave like zero-width resonances [5]. They
provide a mathematical description of lasing or antilasing at the threshold [8, 20–22],
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which has stimulated a series of theoretical and experimental studies concerning
the laser oscillators in optical systems [24, 26]. However, the previous studies of
these phenomena mainly focused on the systems possessing PT symmetry, which
may restrict the structure of the optical medium, thereby prohibiting the diverse
experimental schemes. In this section, we will propose a half-infinite non-Hermitian
system without PT symmetry to simulate lasing-like behaviour. The Hamiltonian of
the composite system in question is given by
H = − ∂
2
2∂x2
+ V (x) , (30)
where
V (x) =
{
iγδ (x− a) , (x > 0)
∞, (x 6 0) , (31)
and a is the length of the well. The composite scattering well consists of an imaginary
delta potential at x = a and an infinite real potential at x = 0, which can be shown
in Fig. 4. A particle in this well is completely free, except at the two ends (x = 0 and
x = a), where an infinite force prevents it from moving in the region of x < 0. The
infinite potential at the left end can be deemed as the scattering center B with the
rBR = −1 for right-incident wave with all possible momentum k. The corresponding
reflection amplitude of the left-incident wave for the imaginary delta-potential can be
given by
rAL (k) =
γ
k − γ . (32)
Applying the condition (6) proposed in the Sec. 2.1 to this composite continuous
system, we can immediately obtain an SS without solving Schro¨dinger’s equation as
kc = 2γ, kca =
(
n+
1
2
)
pi, (33)
which is determined by the strength of delta-potential γ and the length of the quantum
well a. To obtain the corresponding eigenfunction, we solve
Hψk (x) = k
2
2
ψk (x) , (34)
with boundary conditions
ψk (0) = 0, (35a)
ψk
(
a+
)
= ψk
(
a−
)
, (35b)[
ψk
(
a+
)]′ − [ψk (a−)]′ = 2iγψk (a) , (35c)
where [..]
′
denotes the derivative of the ψk (x) with respect to the coordinate x. This
yields the scattering solution
ψk (x) =
{
sin kx, (0 < x < a)
sin kx+ 2iγ
k
sin k (x− a) sin ka, (x > a) . (36)
Taking the Eq. (33) into ψk (x), we obtain the following scattering solution at the SS
ψSS (kc, x) ≡ ψkc (x) =
{
sinkcx, (0 < x < a)
−ieikcx, (x > a) . (37)
Spectral singularity in composite systems and simulation of a resonant lasing cavity 9
t (units of 1/γ2)
0 40 80
F
(k
c
,t
)
0  
0.5
1  
Figure 5. (Color online) Plot of normalized fidelity F (kc, t) as a function of time
t. Parameter values are γ = 1, kc = 2, a = 10.25pi. It can be seen that F (kc, t)
tends to be a steady value when t increases beyond a given value, which is termed
as relaxation-time tf .
It shows that, outside the quantum well, the eigenfunction ψSS (kc, x) represents a
self-sustaining emission for kc > 0 (lasing) or a reflectionless absorption solution to
kc < 0 (anti-lasing), which is illustrated in Fig 4. In this sense, the quantum well can
be used to simulate a resonance chamber for for lasing where the SS of the system sets
the lasing threshold. Based on these results, we now characterize a lasing-like process
through the time evolution of an initial state in the vicinity of an SS.
3.2. Numerical simulation
We start with a sinusoidal profile as an initial state,
Ψ (x, 0) =
1√
Λ
{
eikcx − e−ikcx, (0 < x < a)
0, (x > a)
, (38)
where Λ is the normalization factor. The distribution of the Ψ (x, 0) in the cavity is
the same as that of ψSS (kc, x). As a increases to infinity, the initial state Ψ (x, 0)
approaches the eigenstate ψSS (kc, x) of the system. Therefore, the probability of the
evolved state Ψ (x, t) driven by the Hamiltonian H in the cavity will not change and
remains unity. For a finite-length cavity, this result also indicates that the initial
state Ψ (x, 0) mainly consists of ψSS (kc, x) in the energy space. Accordingly, one can
assume that as time t increases to infinity, the evolved state Ψ (x, t) will approach to
the eigenstate ψSS (kc, x), thereby mimicking the lasing process. Towards this end,
we first define the target state as ψSS (kc, x), which constitutes ideal laser radiation
emanating from the cavity. To measure the similarity between ψSS (kc, x) and Ψ (x, t),
we introduce the normalized fidelity as
F (k, t)=
∫
Ψ∗ (x, t)ψk (x) dx∫ |Ψ(x, t)|2 dx , (39)
which also represents the purity of the laser output from the cavity. The analytical
result for this continuous half-infinite system is hardly obtained, so
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Figure 6. (Color online) Probability distribution of Ψ
(
x, tf
)
in the k space. The
system parameters are the same as that of Fig. 5. One can see that the function
of F
(
k, tf
)
are centered around 2, which corresponds to an output laser with
narrow bandwidth.
numerical simulation to study the behaviour of F (kc, t). The method used for the
numerical simulation is presented in Ref. [38]. The key point in such a simulation is to
discretise the continuous Hamiltonian into a lattice model. Fig. 5 plots the normalized
fidelity F (kc, t) as a function of time t. Note that, as t increases, F (kc, t) tends to be
a steady value. For simplicity, we refer to the corresponding time as the relaxation-
time tf . In addition, we focus on the purity of the output wave in the k space.
When lasing, the output wave reflects the bandwidth of the laser, which is usually
introduced to describe the monochromaticity of laser radiation. To quantitatively
characterise the degree of monochromaticity, we plot the F (k, tf ) as a function of k
in Fig. 6, which shows that Ψ (x, tf ) are centered mainly around kc = 2γ representing
a narrow-bandwidth laser. Owing to the complexity of calculating the time evolution
of the state Ψ (x, 0), we cannot obtain the analytical solution for the bandwidth of
the output wave. However, according to the analysis above, when the initial state is
prepared with kc = 2γ, kca =
(
n+ 12
)
pi, one can envisage that a longer cavity will
result in a narrower lasing bandwidth.
4. Summary and discussion
In summary, we show herein how to use the scattering solutions of two independent
scattering centres to construct non-Hermitian composite systems with SSs. In essence,
the left-incident solution for one scattering center and the right-incident solution for
the other scattering center are matched through Eq. (6). The advantage of this
method is that a composite system can be constructed with an SS at any desired
energy by adjusting the parameters of the two scattering centres. Furthermore, we
apply the proposed condition to a continuous and discrete non-Hermitian system. For
such a system, we extend the condition to a system with multiple scattering centres,
in which the wave vector associated with an SS equals the sum of the strengths of all
the delta potentials. In addition, we construct a half-infinite non-Hermitian system
Spectral singularity in composite systems and simulation of a resonant lasing cavity11
to simulate lasing at the SS, which provides a clear physical application for SSs.
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